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By means of mean-field theory, we have studied the structure and excitation spectrum of a purely
dipolar Bose gas in pancake-shaped trap where the confinement in the x-y plane is provided by a
highly anharmonic potential resulting in an almost uniform confinement in the plane. We show
that the stable condensates is characterized by marked radially structured density profiles. The
stability diagram is calculated by independently varying the strength of the interaction and the
trap geometry. By computing the Bogoliubov excitation spectrum near the instability line we show
that soft ”angular” rotons are responsible for the collapse of the system. The free expansion of the
cloud after the trap is released is also studied by means of time-dependent calculations, showing
that a prolate, cigar-shaped condensate is dynamically stabilized during the expansion, which would
otherwise collapse. Dipolar condensates rotating with sufficiently high angular velocity show the
formation of multiply-quantized giant vortices, while the condensates acquire a ring-shaped form.
PACS numbers:
I. INTRODUCTION
In recent years, ultracold gases of dipolar particles
(which include atoms with large magnetic moments and
polar molecules) have attracted a great deal of interest
because of their peculiar properties, which are due to the
presence of the anisotropic, long-range dipole-dipole in-
teraction in addition to the usual short-range correlation
interaction.
A dipolar Bose Einstein Condensate (BEC) has been
first realized with a gas of 52Cr atoms [1], where the dipo-
lar interaction energy between magnetic moments was
about 15% of the short-range interaction energy as cal-
culated on the basis of the scattering length. Dipolar
systems made of polar molecules have been achieved as
well[2]. Since then, purely dipolar condensate have been
realized by tuning to zero the scattering length. The
properties of dipolar BEC have been the subject of nu-
merous experimental and theoretical studies, extensively
reviewed in Ref.[3] and Ref.[4].
The long-range nature of the dipolar interaction to-
gether with its anisotropic character leads in these sys-
tem to the appearance of a rich variety of phenomena,
whose properties depend crucially upon the shape of the
trapping potential and of the interaction strength [1, 4–
10].
A purely dipolar Bose gas (i.e. one where no short-
range correlation interaction among the atoms is present,
or where the dipole-dipole interaction is much larger than
the contact interaction) is always unstable in the spatially
uniform case. This can be seen by recalling that in a
completely polarized uniform condensate of density n0,
where all dipoles (each of magnitude d) are parallel to
each other, the dispersion law for elementary excitations
as derived within the Bogoliubov theory, is given by[3]:
ǫ(k) = [E2k + 2Ekn0Cdd(cos
2θk − 1/3)]
1/2 (1)
where Ek = ~
2k2/2M and θk is the angle between the
excitation momentum k and the common direction of
the dipoles. Cdd is the dipole-dipole interaction strength,
proportional to d2 (see the following). The instability is
clearly seen from the fact that at small k and cos2θk <
1/3 the excitations energies become imaginary.
In a completely polarized condensate confined by a
cigar-shaped (prolate) trap elongated along the direc-
tion of dipoles alignment, the interaction will be mainly
attractive and the condensate is unstable towards col-
lapse, similarly to the case of a cold gas with attrac-
tive short-range interactions (negative s-wave scattering
length). Conversely, in pancake-shaped (oblate) traps
the tendency of the dipoles to align along the polariza-
tion axis in order to increase their attractive head-to-tail
interaction is counteracted by the strong confinement in
this direction, which favors instead configurations with
atoms or molecules laying in a plane orthogonal to their
dipole moments. This effect may make the dipolar inter-
action energy predominantly repulsive, leading to stabi-
lization of the BEC when the trap is oblate enough.
Therefore the dipolar gas offers the possibility of mod-
ifying the effective atom-atom interaction by modifying
the trap geometry, which can easily be controlled in ex-
periments.
It has been shown[11] that pancake dipolar conden-
sates may exhibit a roton-maxon feature in the excitation
spectrum. The presence, position and depth of the roton
minimum can be tuned by varying the density, the con-
fining potential and the short-range interaction strength.
Since the superfluid critical velocity, as obtained from the
Landau’s argument, is reduced in the presence of a roton
minimum, this opens the possibility of manipulating the
superfluid properties of trapped condensates.
When the roton gap disappears the condensate be-
comes intrinsically unstable: since the instability occurs
at a specific value of the momentum, this points to the
possibility of realizing a non-uniform ground-state. The
2associated ”self-assembled” density modulations, that
are expected in the high density regime, can have a su-
persolid character[12]. In spite of this exciting possibility,
no conclusive evidence has been gathered so far [13] that
a supersolid phase of dipolar BEC actually exists.
A purely dipolar (i.e. the s-wave scattering length is
a = 0) condensate in pancake-shaped traps is stable[14],
provided the number of atoms/molecules is not too large.
The stability diagram for dipolar condensates in pancake-
like traps has been calculated in Ref.[9], by using the
time-dependent Gross-Pitaevskii (GP) equation.
In a narrow region of the stability diagram, bi-concave
shaped (”blood cell”) condensate wavefunctions have
been found[9, 15], with the maximum density away from
the center of the cloud. Such effect is due to the long-
range, mainly repulsive forces in oblate traps, in a way
very much similar to the accumulation of charges on the
surface of conducting materials. These peculiar struc-
tures are predicted to exist in a very narrow portion of
the stability diagram, and also very close to the instabil-
ity line. The soft-mode which is responsible for the col-
lapse of these bi-concave condensates when the instabil-
ity edge is reached is characterized by azimuthal density
oscillations with angular momentum quantum number
m > 0 (”angular” rotons), as opposed to the soft modes
which drive the collapse of a ”normal” condensate with
isotropic interactions (where the maximum density is at
the center), where m = 0 instead.
The observation of such bi-concave states is experi-
mentally difficult because they have a small contrast (i.e.
small density inhomogeneities), and moreover the region
in the parameter space where they exist covers a very
small area, very close to the instability line. The struc-
ture and dynamics of bi-concave dipolar condensates has
been theoretically investigated using the GP equation
near the threshold for instability, and a possible experi-
mental signature of their appearance have been proposed
in Ref.[16], in the form of non trivial angular distribution
of the products of the system once the collapse is induced
by varying the scattering length.
The superfluid character of dipolar condensate is sig-
nalled by the formation of quantized vortices in a rotat-
ing condensate. For this reason, the theoretical study
of vortex states in dipolar systems has been pursued
by several groups. In general, rotation of a harmoni-
cally trapped dipolar gas is found to affect the stabil-
ity of the condensate[17–23]. Vortex states in dipolar
systems in toroidal traps have been studied as well[24],
where an azimuthal dependence of a particle density was
found, characterized by symmetry-breaking density pro-
files where the density is inhomogeneously distributed
along the torus.
The collapse dynamics of a 52Cr dipolar condensate,
induced by a sudden reduction of the s-wave scatter-
ing length characterizing the contact interaction below
a threshold value, has been studied in Ref.[25, 26]. The
collapse dynamics, triggered either by an adiabatic or
nonadiabatic change in the ratio between the dipolar and
the contact interaction strength, has been theoretically
studied in Ref.[26], where both ”global” (i.e. character-
ized by highly elongated or flattened shapes of the atomic
cloud) and ”local” (i.e. characterized by inhomogeneous
density profiles like shells, disks or stripes) regimes of
collapse were observed.
A rather complex spatial pattern characterizes the dy-
namics of the cloud expansion and collapse reported
in Ref.[25], involving an anisotropic, d-wave symmet-
ric explosion of a spherical condensate. The collapse
of pancake-shaped clouds has been studied in Ref.[27],
showing similar qualitative behavior. The collapse dy-
namics as imaged during the experiment is quantitatively
reproduced by numerical simulations based on the GP
equation without any adjustable parameter[25]. The col-
lapse of disc-shaped Bose dipolar gases has also been nu-
merically studied in real-time dynamics in Ref.[28].
At variance with all the above investigations, where
the confinement has always been chosen to be harmonic,
even if anisotropic, in the following we will study a purely
dipolar BEC confined by pancake-shaped trap potentials
characterized by a tightly harmonic confinement along
the z-direction (corresponding to the dipole polarization
axis) but highly anharmonic in the x-y plane (”flat” con-
finement). This choice is suggested by the fact that in
such a trap, easily implemented experimentally, the sys-
tem motion in the x-y plane is almost unaffected by the
trap details within the region of confinement, while the
residual effect is due to the steep confinement at the
system boundaries. The combination of these effects
enhances the characteristic features associated with the
non-local dipolar interaction with respect to the case of
harmonic confinement. In fact we will show that, as a
result of such confinement, highly structured densities of
the dipolar BEC are obtained, generalizing the ”blood
cell” condensate shapes predicted for harmonic confine-
ment. These highly structured radial density profiles
might be easily observed experimentally since they are
present in a wide portion of the stability diagram.
We use the GP equation to compute both static and
dynamical properties of these systems. The validity of
mean-field approximation was tested using many-body
Monte Carlo methods[29, 30] and found to provide a cor-
rect description of the dipolar gas in the dilute limit
na3 ≪ 1, i.e. at very low densities and/or away from
shape resonances.
We will determine the stability diagrams of the dipolar
condensate as both the strength parameter and the trap
aspect ratio are varied, and show that the systems un-
dergoes collapse for sufficiently large coupling parameter
and/or sufficiently large aspect ratios.
We find that the lowest excitation mode which becomes
soft close to the instability has an azimuthal dependence
proportional to sin(3φ) and sin(4φ): the condensate is
thus expected to collapse with density modulations in the
angular coordinates which break the cylindrical symme-
try characterizing the ground-state structures.
We have also studied the behavior of the condensate
3when subject to a rotation with a constant angular veloc-
ity Ω around an axisparallel to the polarization direction:
for sufficiently high values of Ω the dipolar condensate
develops multiple quantized vortices. Eventually, a sin-
gle giant, multiply quantized vortex appears, while the
condensate density acquires the shape of a narrow torus.
Finally, we have studied the free expansion of the
”blood-cell” condensate after the confining trap is re-
leased and find that the expansion is characterized by an
elongation into a cigar-shaped dipolar condensate that
would otherwise be unstable towards collapse under sta-
tionary conditions. Such dynamical stabilization of a
cigar-shaped, purely dipolar condensate should be eas-
ily imaged in experiments.
II. METHODS AND CALCULATIONS
We assume that all the N atoms (molecules) of the
system are in a Bose-Einstein condensate described by
the wavefunction Φ(r). The direction of dipole polariza-
tion is assumed to be along the z-axis. The energy of
the system at the mean-field level is expressed by the
functional
E =
∫ [
~
2
2M
|∇Φ(r)|2 + Vt(r)|Φ(r)|
2 +
g
2
|Φ(r)|4
]
dr+
+
1
2
∫ ∫
Vdd(|r− r
′|)|Φ(r)|2|Φ(r′)|2dr dr′(2)
The above functional includes a kinetic pressure term,
a term describing the trap potential used to confine the
system, the short-range (”contact”) mean-field interac-
tion energy, and the dipole-dipole interaction potential:
Vdd(R) =
Cdd
4π
(1 − 3cos2θ)
R3
(3)
where R = r − r′ and θ is the angle between the vector
R and the polarization direction z.
In the case of polar molecules the prefactor is d2/ǫ0,
where d is the electric dipole moment of the molecule
and ǫ0 is the permittivity of the vacuum. In the case of
magnetic interaction the prefactor is instead µ0µ
2
d, where
µd is the magnetic dipole moment of each atom and µ0
is the permeability of free space.
The minimization of the above energy functional leads
to the following Euler-Lagrange equation
HˆΦ(r) = µΦ(r) (4)
where µ is a Lagrange multiplier whose value is deter-
mined by the normalization condition
∫
|Φ(r)|2dr = N ,
and
Hˆ ≡ −
~
2
2M
∇2 + Vt(r) + g|Φ(r)|
2 +
+
Cdd
4π
∫
(1− 3cos2θ)
(|r− r′|)3
|Φ(r′)|2dr′ (5)
We will consider in the following a purely dipolar con-
densate, i.e. we take from now on g = 0, implicitly as-
suming that the interparticle interaction is dominated by
the dipole-dipole forces (d2 >> |g| = 4π~2|as|/M , where
as is the s-wave scattering length).
We consider here the case where the trapping poten-
tial is highly anharmonic (”flat”) in the x-y plane, and
harmonically confined along the polarization direction z:
Vt(r) =
M
2
ω2zz
2 + κ(x2 + y2)γ/2 (6)
where γ > 2.
Highly anharmonic potentials can be realized in princi-
ple with the current laser optic techniques, as suggested
by the theoretical calculations of Ref.[31]. The result-
ing trapping potential behaves as Vl(ρ) ∝ ρ
2l, where
ρ =
√
x2 + y2 is the radial distance from the beam cen-
ter. Very flat confining potentials in the x-y plane are ob-
tained for large values of l, although already for l > 4 the
condensate is characterized by an almost constant density
over the entire trap volume in the case of purely repulsive
BEC[31]. The possibility of studying a spatially uniform
quantum gas by loading the gas in a three-dimensional,
quasi-uniform potential has also been demonstrated in
Ref.[32]. The leading-order correction to the flatness of
the box potential was found to be ∝ ρ13±2, which is
equivalent to a flat potential for most many-body studies.
In the following, we will take γ = 10 in the expression
(6) for the trap potential.
Upon scaling lengths by az ≡
√
~/Mωz and ener-
gies by ~ωz, and also by imposing that the dimension-
less wavefunction is normalized to unity, i.e. Φ(r) =√
N/a3zΦ˜(r˜) the equation (4) can be written in dimen-
sionless form as:
[
−
∇˜2
2
+
1
2
z˜2 + (
az
r0
)γ+2
1
2
(x˜2 + y˜2)γ/2
]
Φ˜(r˜) +
+D
∫
(1− 3cos2θ)
(|r˜− r˜′|)3
|Φ˜(r˜′)|2dr˜′Φ˜(r˜) = µ˜Φ˜(r˜) (7)
Here r0 ≡ (~
2/2Mκ)1/(γ+2) is the characteristic length
for the anharmonic potential, expressed in terms of the
parameter κ appearing in Eq.(6). ¿From equation (7) it
appears that two dimensionless parameters determine the
solutions of the GP equation for a purely dipolar BEC in
the trapping potential (6):
λ =
az
r0
D = NCddM/4π~
2az (8)
λ controls the aspect ratio of the trap while D controls
the dipole-dipole interaction strength.
This equation will be solved numerically, to yield the
lowest energy state Φ describing the condensate in the
4ground-state for a given pair λ,D. We do this by propa-
gating it in imaginary time, i.e. by solving the equation
∂Φ
∂t
+ (Hˆ − µ)Φ(r) = 0 (9)
The wave function Φ(r) is represented on a three-
dimensional uniform mesh in real space, with periodic
boundary conditions imposed on the system. The cell
must be wide enough to avoid spurious dipole-dipole in-
teractions between the atomic clouds and its periodically
repeated images[33]. The starting wavefunction is cho-
sen in the form of a narrow gaussian placed in the center
of the trap (although we verified that the final, mini-
mum energy structure does not depend upon a particular
choice for the initial wavefunction).
To compute the spatial derivatives appearing in the
GP equation (4), we used an accurate 13-point finite-
difference formula [34]. The convolution integral in the
potential energy term of Eq.(7) is efficiently evaluated
in reciprocal space by using Fast Fourier transform tech-
niques, and by recalling that the Fourier transform of Vdd
is[3]
V˜k =
Cdd
3
(3cos2α− 1) (10)
where α is the angle between k and the z-axis.
In order to compute the excitation spectrum, we make
the usual Bogoliubov transformation to a Hamiltonian
describing a collection of non-interacting quasi-particles
for which the condensate is the vacuum:
Ψ(r, t) = e−iµt/~[Φ(r) + u(r)e−iωt − v∗(r)eiωt] (11)
where u(r) and v(r) are the wavefunctions of the excita-
tion mode and Φ(r) is the solution of Eq.(4).
The computation of the excited states is particu-
larly demanding from a computational point of view
if performed, as we did in the present work, in three-
dimensional cartesian coordinates (an alternative ap-
proach, exploiting the cylindrical symmetry of the prob-
lem, has been developed in Ref.[33]). It is thus impor-
tant, in order to reduce the computational burden, to
use the smallest possible number of points in the spatial
mesh that guarantee an accurate representation of the
ground-state wavefunction Φ. By studying the conver-
gence in energy of the solution with increasing number
of points in the mesh, we verified that a relatively coarse
grid with spacing ∆x ∼ 0.3 az is enough to accurately
describe Φ(r).
Because of our use of Fourier Transform techniques,
which imply that periodic boundary conditions must be
imposed in our calculations, we can expand the wave-
function Φ and the complex functions u, v in the form
appropriate to a periodic system:
Φ(r) =
∑
G
ΦGe
iG·r (12)
u(r) =
∑
G
uGe
iG·r (13)
v(r) =
∑
G
vGe
iG·r (14)
In the above expansions, theG-vectors are the recipro-
cal lattice vectors appropriate to the space symmetry of
the simulation cell containing the dipolar cloud. In the
present case, a simple orthorhombic geometry is used,
with a computational cell of sides Lx = Ly and Lz. Sub-
stituting the expressions (14) into the time-dependent
GP equation [i~∂/∂t− Hˆ]Ψ(r, t) = 0 associated with the
Hamiltonian (5), and keeping only terms linear in the
functions u, v, one obtains a set of equations for the co-
efficients {uG} and {vG} that can be recasted into the
following matrix form [35]:
[
A B
−B −A
](
u
v
)
= ~ω
(
u
v
)
(15)
where the matrices (with dimensions (n3r×n
3
r), where nr
is the real space mesh used to integrate the stationary
GP equation) are defined as:
AG,G′ ≡ δG,G′ [
~
2
G)2
2M
− µ]
+U˜G−G′ +
∑
G′′
ΦG′′−G′ΦG−G′′ V˜G′′ (16)
BG,G′ ≡ −
∑
G′′
ΦG′′−G′ΦG−G′′ V˜G′′ (17)
The quantities U˜G in Eqns.(16) are defined through
Vt(r) +
∫
Vdd(|r− r
′|)|Φ(r′)|2dr′ =
∑
G
U˜Ge
iG·r (18)
The excitation frequencies ω(k) can be determined
from the solutions of the above non-Hermitian eigenvalue
problem. This can be reduced to a non-Hermitian prob-
lem of half the dimension (thus largely reducing the com-
putational cost of diagonalization) by means of a unitary
transformation [36]:
(A−B)(A+B)|u+ v >= (~ω)2|u+ v > (19)
If needed, one may calculate the separate u, v by prop-
erly combining the eigenvectors of Eq. (19) with those of
the associated eigenvalue problem
(A+B)(A−B)|u− v >= (~ω)2|u− v >, (20)
again of reduced dimensions.
5FIG. 1: Calculated stability diagram in the D − λ plane.
III. RESULTS AND DISCUSSION
We have solved the stationary GP equation in imagi-
nary time, as described in the previous Section, for differ-
ent pairs of values (λ,D): possible outcome of the calcu-
lations are either stable, converged states or ”collapsed”
states where during the evolution in imaginary time the
density of the system catastrophically shrinks within a
narrow spatial region.
The resulting stability diagram is shown in Fig.1,
where a line in the D − λ plane separates the stable (S)
configurations from the unstable (U) ones. It appears
that higher values of D (strong dipole-dipole coupling or
large number of particles) and/or larger values of the as-
pect ratio λ (weaker confinement in the z-direction) make
the system unstable towards collapse.
The density profiles associated with the condensate
structures in the stable part of Fig.(1) are characterized
by marked radial inhomogeneities, and differ consider-
ably from the usual appearance of harmonically trapped
dipolar gas clouds, where the maximum density is usually
in the center of the trap. We show in Fig.2 several struc-
tures obtained for different pairs (λ,D). Here the number
density n is defined as n(r) = |Φ˜(r)|2. Common to these
structure is the accumulation towards the trap periphery,
due to the interaction between dipoles, which results in
a dense circular edge. Additional secondary peaks may
appear for different values of (λ,D). One may recognize
in panel (c) a bi-concave (”blood cell”) structure like the
ones discussed in the previous Section, but with a much
FIG. 2: Density profiles (normalized to the maximum density
value) of stable configurations, shown along a cut in the x-y
plane across the trap center, for different values of D and λ.
(a):D = 10, λ = 0.28; (b):D = 25, λ = 0.24; (c):D = 50,
λ = 0.20; (d):D = 150, λ = 0.13; (e):D = 250, λ = 0.1;
(f):D = 400, λ = 0.08. The dotted lines show the density
profile along the z-direction.
higher contrast than those realizable in harmonic traps.
Multiple radial peaks appear as well for different trap
geometries and/or strength parameter values.
In Fig.3 the ground state density profile of the bi-
concave condensate shown in panel (c) of Fig.(2) is shown
using equal density color maps in the x-y and x-z planes,
respectively.
Unlike the case of harmonic confinement in the x-y
plane, where concave structures with maximum density
away from the trap center appears only in very small
portion of the stability diagram, in the present case such
shapes are easily realized with a variety of (λ, D) pairs
spanning a large portion of the stability region in the
diagram of Fig.(1). As an example, we show in Fig.(4)
and Fig.(5) the ground-state density profiles for different
choices of (λ, D). Fig.(4) shows the structures associated
to a fixed value of D and different values of λ. It appears
that lower values of λ (i.e. corresponding to a tighter
confinement of the dipolar gas along the z-direction) re-
sult in less structured clouds. Fig.(??) shows instead the
structures associated with a fixed value of λ and different
values of the interaction parameter D. Less structured
clouds now correspond to lower values of D.
Collective modes of dipolar condensates under har-
monic confinement have been analyzed in Ref.[9] (see also
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FIG. 3: (color online) Equal-density map (shown in the x-y
and x-z plane, respectively) for the condensate with D=50
and λ = 0.20.
FIG. 4: Density profiles (normalized to the maximum den-
sity value) shown along the x-direction, for D = 50 and
λ = 0.06, 0.10, 0.14, 0.18, 0.20. Approaching the instability
line with higher values of λ = correspond to more concave
structures. The dotted lines show the density profile along
the z-direction.
Ref.[4]). As discussed in the Introduction, two possible
solution of the stationary GP equation have been found:
a pancake shaped condensate (with the maximum of the
density at the trap center) or a bi-concave shaped con-
densate which appears in a narrow region of the stability
region. In the pancake case, the mode that drives the in-
stability is a ”radial” roton, i.e. it has a radial nodal pat-
FIG. 5: Density profiles (normalized to the maximum den-
sity value) shown along the x-direction, for λ = 0.20 and
D = 10, 20, 30, 40, 50. Approaching the instability line with
higher values of D correspond to more concave structures.
The dotted lines show the density profile along the z-direction.
tern (m = 0 projection of the angular momentum on the
z-axis). In a bi-concave condensate the mode going soft
exhibits density modulations along the ring correspond-
ing to non-zero m (”angular” roton), with a subsequent
breaking of the cylindrical symmetry[9].
For completeness, by using the Bogoliubov-deGennes
equation formalism discussed in the previous Section, we
have also computed the excitation spectrum of selected
structures as a function of D for a given value of λ, start-
ing below the stability line of Fig.(1) and increasing D,
until the instability line is reached.
The resulting excitation frequencies for the case λ =
0.2 are shown in Fig.(6), where the calculated frequencies
ω are shown as a function of D. By approaching the
instability value it appears that several modes become
soft. In particular, two modes (those originating at ω =
0.5ωz and ω = 0.34ωz for D = 0) have frequencies that
go to zero right at the edge of collapse.
The local density fluctuations associated with these ex-
citation modes can be calculated from
∆n(r) = |u(r)− v(r)|2
(21)
The density fluctuations ∆n(r) (shown with a map of
equal density colors in the x-y plane) for the two soft
7FIG. 6: Excitation spectrum for dipolar condensates with
λ = 0.2, as a function of the strength parameter D.
modes which drive the collapse of the cloud are shown in
Fig.(7).
¿From Fig.(7) it appears that such modes have an az-
imuthal dependence proportional to sin(3φ) and sin(4φ):
the condensate is thus expected to collapse with den-
sity modulations in the angular coordinates which breaks
the cylindrical symmetry. A similar breaking pattern
has also been observed in the collapse of harmonically
trapped Bose clouds in pancake-shaped condensates from
numerical simulations based on the GP equation[28].
We have also studied the character of the soft mode re-
sponsible for the collapse of ”normal” condensate clouds
(i.e. with the maximum of the density at the center of
the trap). One such configuration is shown in panel (a)
of Fig.(2). In this case we find that the mode that drives
the instability has a radial nodal pattern (m = 0 projec-
tion of the angular momentum on the z-axis), similarly to
what is found for harmonically trapped condensates[4, 9].
Next, we studied how the dipolar condensate evolves
dynamically after the trap is released. The time evolution
is obtained by solving the time-dependent GP equation:
i~
∂Ψ(r, t)
∂t
= [Hˆ −
i~L3
2
|Ψ|4]Ψ(r, t) (22)
We have added to the dipolar GP hamiltonian a dissi-
pative term proportional to L3 ∼ 2×10
−40 m6 s−1 which
describes three-body losses[25].
We have used the Runge-Kutta-Gill fourth-order
method [37] to propagate in time the solutions of the pre-
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FIG. 7: (color online) Number density fluctuations associ-
ated with the two soft modes shown in Fig.(6).
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FIG. 8: (color online) Time evolution of the condensate after
the release of the trap. From left to right and top to bottom,
the time instants are: t = 0, 15, 30, 45, 60, 75, 90ω−1
z
vious equation. The initial configuration is the ground-
state structure shown in Fig.(3). The time evolution after
the trap is suddenly released is shown in the sequence of
snapshots of Fig.(8).
The main feature in Fig.(8) is the radial inward shrink-
age of the initial state and the expansion along the polar-
ization axis, driven by the energy gain associated by elon-
8FIG. 9: Upper panel: number of atoms in the expanding
condensate as a function of time. Middle and lower panel:
kinetic and potential energy as a function of time.
gated configurations, and resulting in an inversion of the
initial aspect ratio. In spite of the elongation towards a
prolate geometry the condensate is not collapsing because
of the kinetic energy associated with the expansion. A
similar inversion of the aspect ratio has been observed[1]
during the expansion of harmonically trapped gases when
a repulsive short-range interaction was present in addi-
tion to the dipole-dipole interaction. Here, however, we
find a notable dynamical stabilization of a cigar-shaped
condensate (at least during the expansion time) occur-
ring for a purely dipolar BEC, which would be otherwise
unstable.
In Fig.(9) we show the number of atoms in the conden-
sate during the expansion (panel (a)). The initial sudden
loss is due to the sudden inward shrinkage of the cloud in
the radial direction. In panel (b) and (c) we show how the
kinetic energy and the dipole-dipole interaction energy
vary during the expansion. The potential energy, that
is initially positive due to the mainly repulsive charac-
ter of the dipole-dipole interaction in the initially oblate
condensate, becomes rapidly negative, signalling the pre-
dominance of aligned dipole configurations as the shape
changes from oblate to prolate, but then smoothly de-
creases without sign of collapse.
We have verified, by comparing the above results with
the expansion of the same system but with the dipole-
dipole interaction turned off, that the elongation is not
simply a consequence of the tighter confinement along the
z-direction and the associated increased quantum pres-
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FIG. 10: (color online) Vortex structure for the condensate
obtained with D = 50 and λ = 0.11, for four different values
of the rotational frequency Ω. ¿From left to right, and from
top to bottom: Ω = 0.033, 0.049, 0.066, 0.082 ωz
sure, but it is indeed energetically driven by the dipole-
dipole attraction: when such interaction is not present,
the expansion occurs in a more isotropic way.
To investigate the emergence of vortex structures in
our system, we search for the lowest-energy stationary
states solution of the time-dependent GP equation in a
rotating frame-of-reference with constant angular veloc-
ity Ω:
i~
∂Ψ(r, t)
∂t
= [Hˆ − ΩLz]Ψ(r, t) (23)
where Lz is the z-component of the orbital angular mo-
mentum operator.
We show in Fig.(10) our results for different values
of Ω. Below a critical value Ω ∼ 0.04ωz the conden-
sate cloud is not affected by the rotation. As soon as
this critical angular velocity is exceeded, multiple vortex
structures develop in the inner portion of the condensate
where the density is lower, whose number increases with
the angular velocity. Eventually, they merge into a giant
vortex which empties the inner region of the trap, leading
to a ring-shaped condensate.
Giant multi-quantized vortex states are known to be
a feature of rotating BEC in the presence of anharmonic
trap potentials [38], since anharmonic confinement im-
proves the stability of the system against centrifugal
destabilization, thus allowing to reach higher values of
the angular velocity of rotation than those allowed by
harmonic confinement.
IV. CONCLUSIONS
Within a mean-field approach, we have theoretically
studied static and dynamical properties of a purely dipo-
9lar, completely polarized pancake-shaped Bose Einstein
condensate subject to highly anharmonic (”flat”) con-
finement in the plane perpendicular to the dipole polar-
ization axis.
Marked radial density inhomogeneities are the distin-
guishing features of this system, which generalize the
”blood cell” cloud shapes observed in harmonically con-
fined dipolar BECs [9, 15]. We computed the stability
diagram, showing that such radially structured clouds
appear in a wide variety of the parameters (dipole inter-
action strength and trap aspect ratio) and thus should
be experimentally observable. The calculation of the ex-
citation spectrum allows us to determine the type and
symmetry of the soft modes responsible for the collapse
of the system, which occurs in the form of ”angular” ro-
ton excitations.
The free expansion of the dipolar gas is also studied,
showing a temporary stabilization, during the expansion
process, of a prolate cloud which would be unstable and
thus not be observable under stationary conditions in a
purely dipolar BEC.
Finally, the rotation of the trap is studied, and the
ensuing formation of multiple vortex structures. Eventu-
ally, for sufficiently high angular velocities (which would
not be reachable in harmonic traps) a giant vortex de-
velops with a wide empty core, and the BEC acquires a
ring-shaped geometry.
Since highly anharmonic traps can be realized with
current state-of-the-art laser optical techniques, we ex-
pect that most of the features described here will soon
be confirmed by experiments.
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